The main purpose of this paper is to define new generating functions. By applying the Mellin transformation formula to these generating functions, we define q-analogue of Riemann zeta function, q-analogue Hurwitz zeta function, q-analogue Dirichlet L-function and two-variable q-L-function. In particular, by using these generating functions, we will construct new generating functions which produce q-Dedekind type sums and q-Dedekind type sums attached to Dirichlet character. We also give the relations between these sums and Dedekind sums. Furthermore, by using * -product which is given in this paper, we will give the relation between Dedekind sums and q-L function as well.
Introduction, definition and notations
It is well known that the classical Dedekind sums S(h, k) first arose in the transformation formula of the logarithm of the Dedekind eta-function. If h and k are coprime integers with k > 0, the Dedekind sum is defined by
where ((x)) is defined by
2 , x is not an integer, 0, otherwise, where [x] G is the largest integer x [1, 2, 4, 6, 8, 26, 33] .
Generalized Dedekind sums S p (h, k) are defined as follows [1] :
where h and k are coprime positive integers andB p (x) is the pth Bernoulli function, which is defined as:
where B n (x) is the usual Bernoulli polynomials.
Observe that when p = 1, the sums S 1 (h, k) are known as the classical Dedekind sums, S(h, k). Also the sums S p (h, k) are related to the Lambert series, G p (x), which are defined as follows:
where p 1. Using a Mellin transform technique developed by Rademacher, Apostol [1] obtained transformation formulae relating G p (e 2πiz ) to G p (e 2πiAz ) for odd p, where Az = az+b cz+d is a modular substitution. The sums S p (h, k) appear in these transformation formulae. The result for the special substitution Az = − 1 z , in which the generalized Dedekind sums do not appear, had been found by Guinand [10] . Subsequent proofs of the general formula have been given by many mathematicians especially Apostol [2] , Isaki [12] , Berndt [6] [7] [8] . None of these proofs can be considered elementary since they employ techniques such as residue calculus, Mellin transforms, the Poisson summation formula, and functional equation of various zeta functions. Sczech [23] gave an elementary proof of Dedekind's transformation formula for log η(z) based on an idea of Hurwitz [3] which relates the two values obtained when the order of summation is reversed in a conditionally convergent double Eisenstein series. In [3] , Apostol showed that Sczech's argument can be extended to treat the more general case of G p (x) in an elementary way. The sums S p (h, k) are expressible as infinite series related to certain Lambert series. A representation of S p (h, k) as infinite series was also given by Apostol [1] :
In [2] , Apostol established a connection between the sums (1.1) and certain finite sums involving Hurwitz zeta functions which makes it possible to give a short analytic proof of the reciprocity law of Eq. (1.1).
In this paper Z p , Q p will respectively denote the ring of p-adic rational integers and the field of p-adic rational numbers. C p is the p-adic completion of the algebraic closure of Q p . If q ∈ C, the field of complex numbers, then we assume |q| < 1. If q ∈ C p , then we assume |q − 1| p < p −1/(p−1) , so that q x = exp(x log q) for |x| p 1.
We set
Note that lim q→1 [x] = x (see [13, 15, 19, 27, 30] ). In [13, 15] , Kim defined q-Bernoulli number β m (q) ∈ C p and q-Bernoulli polynomial β m (x, q) . By using these polynomials and an invariant p-adic q-integral on Z p , he constructed a p-adic q-analogue of higher-order Dedekind sums k m S m+1 (a, b) . In [36] , Zagier studied q-series and Dedekind eta-function. He gave some relations on q-series and Dedekind eta function. In [11] , Gunnells and Sczech defined certain higherdimensional Dedekind sums that generalize the classical Dedekind-Rademacher sum. In [38] , by using the mean value theorem of the Dirichlet L-function, Zhang studied the distribution property of a sum analogous to the Dedekind sums. Xiali and Zhang [39] , by applying the mean value theorem of the Dirichlet L-function, studied the asymptotic behavior of the Dedekind sums with a weight of Hurwitz zeta-function. Ota [21] defined derivatives of Dedekind sums. He proved their reciprocity laws. He obtained them from values at non-positive integers of the first derivatives of Barnes' double zeta functions. In [26] and [28] , the author gave relations between theta function, Eisenstein and Lambert series, and generalized Dedekind sums. In [29] , the author gave proof of the Abel sum of divergent series associated with generalized Dedekind sums. Applying modular substitution to the generalized Dedekind eta-function, connection between Dedekind sums and Lambert series were obtained. In [31] (h, k, q) . By using the Mellin transformation formula in this function, we will give some new relations as well. In Section 4, by using generating functions in Section 2, we will construct new generating function attached to Dirichlet character which produces q-Dedekind type sums attached to Dirichlet character, Y p,χ (h, k, q). We will give the relations between generalized Dedekind sums S p (h, k) and the sums Y p,χ (h, k, q). By using the Mellin transformation formula of this function, we will give some new relations on q-L-series and Riemann zeta function. In Section 6, by using q-Bernoulli numbers which is defined by an invariant p-adic q-integral on Z p , p-adic-q-Dedekind sums will be defined. * -product will be defined. By using * -product, we will give the relation between q-Dedekind sums and q-L function.
q-Zeta function and Dirichlet L-function
In this section, we give new generating functions which produce q-zeta function and q-L-series. Therefore, by using these generating functions, we can construct new qanalogue of higher-order Dedekind sums in the next sections. We also give relations between this sum, q-zeta function and q-L-series.
We consider the following generating function, which is similar to the one in [27, 34] :
The right-hand side is uniformly convergent in the wider sense.
Remark 1.

ζ(s)Γ (s)
where Γ (s) is Euler's gamma function and
In (2.2), due to [35] and [31] ,
According to the definition of Bernoulli numbers,
we get an asymptotic expansion near 0,
is a meromorphic function given by (2.2). The structure of poles is as follows: for Γ (s), s = . . . , −2, −1, 0, residue
(k+1)! at s = −k. It follows that the poles cancel except for s = 1. Hence the result: ζ(s) extends to a meromorphic function in the plane C, the only pole is s = 1, with residue 1. For k = 0, −1, . . . , we get (2.3).
Applying the Mellin transformations to Eq. (2.1), we find that
By using the above equation, we are now ready to define q-analogue of the Riemann zeta functions.
The right-hand side of this series converges when Re(s) > 1.
Remark 2.
Observe that when q → 1, (2.4) reduces to ordinary Riemann zeta functions. For a set of complex numbers {c n }, Tsumura [34] defined q-analogue of Dirichlet series as follows:
the right-hand side of this series converges when Re(s) > 1. Tsumura investigated the series ζ q (s) converges when Re(s) > 1. ζ q (s) may be analytically continued to the whole complex plane, except for a simple pole at s = 1 with residue
We define q-analogue of the Hurwitz zeta function by means of the generating function
By applying the Mellin transformations to the above equation, we obtain
By using the above equation, we are ready to define q-analogue of the Hurwitz zeta functions.
Definition 2. For 0 < x 1 and s ∈ C, 
where {t} is the fractional part of t. He also gave several classical formulae related to Hurwitz zeta function and Lerch's expression ln
Now we define the following generating function which is a generalization of (2.1). Let χ be a Dirichlet character of conductor f ∈ Z + , the set of positive integer numbers,
By applying the Mellin transformations to Eq. (2.7), we obtain
Now, by using the above equation, we define q-analogue Dirichlet L-function as follows.
Definition 3.
Observe that when χ ≡ 1, (2.8) reduces to (2.4) and
which is a Dirichlet L-function [13, 19, 25, 27, 30, 34] . Relation between ζ q (s, x) and L q (s, χ) is given as follows.
Theorem 3. [27, 34] Let χ be a Dirichlet character of conductor f . We have
.
Proof. Substituting n = a + mf , where m = 0, 1, 2, 3, . . . , ∞ and a = 1, . . . , f into (2.8), we obtain 
By using the Mellin transformations in the above equation, we obtain
By using the above equation, we define the two-variable q-analogue L-function.
Definition 4.
Note that L q (s, x; χ) is analytic continuation in C with only simple pole at s = 1, and where L(s, x; χ) is the two-variable L-function which is given by (1.5).
q-Dedekind type sums
In this section, we establish a general theorem about q-Dedekind type sums. By using (2.1), q-Dedekind type sums are defined by means of the generating function,
where h and k are coprime positive integers and p is an odd integer 1.
Theorem 4. Let h and k be coprime positive integers and assume that p is an odd integer 1. We have
Proof. By using (2.1) and (3.1), we have
Recalling that 2i sin x = e ix − e −ix , we easily complete the proof. 2
Remark 4.
Observe that (1.2) . In [29] , the author gave some relations betweenB p ( nh k ) and S p (h, k).
There are two reasons for being interested in sums of the above type. First, the case (h, k) = 1, for odd p 1, is the q-Dedekind type sums:
We are now ready to state the primary theorem of this section.
Applying the generating function (3.1), and using (2.1) and Theorem 4 and recalling the definition (1.3), we arrive at the following theorem.
Theorem 5. Let h and k be positive integers and (h, k) = 1 and assume that p is an odd integer 1. We have
Observe that when q → 1, then we have
Hence, applying geometric series in the above equation, we deduce that
By (3.2) and (3.3), we arrive at the following corollary.
Corollary 1. Let h and k be positive integers and (h, k) = 1 and assume that p is an odd integer 1. We have
Remark 5. The case p = 1 and q → 1, S 1 (h, k : 1) is the classical Dedekind sum. This sum was originally introduced in connection with the transformation properties, under the modular group, of the Dedekind η-function (for detail see [1] [2] [3] [6] [7] [8] 12, 20, 23, 26, [28] [29] [30] ).
The second ground for studying the sum (3.1) is that it arises in the Mellin transformation, Dirichlet series and q-L-series.
By using (2.1), we define the following generating function:
where t is a real number.
Observe that when t = 2πh k , (3.4) reduces to (3.1). Integral representation of (3.4) is given as follows.
Theorem 6. We have
where ζ(p + s) is the Riemann zeta functions.
Proof. By applying the Mellin transformation to Eq. (3.4), we find that
where ζ(p + s) is the Riemann zeta function. Thus we complete the proof. 2
q-Dedekind type sums attached to Dirichlet character
In this section we define the following generating function which is a generalization of (3.1). By using (2.7), we establish a general theorem about q-Dedekind type sums attached to Dirichlet character. These sums are defined by means of the generating function, Y p,χ (t, q).
Let χ be a Dirichlet character of conductor f .
Thus we arrive at the following theorem:
Observe that
Therefore, generalized q-Dedekind type sums, with attached to χ , are given by the following theorem:
Theorem 8. Let h and k be positive integers and (h, k) = 1 and assume that p is an odd integer 1. We have
Proof. The proof is similar to that of Theorem 5. Applying the generating function to Eq. (4.1), and using (2.7) and (1.3), we arrive at the desired result. 2 Remark 6. Observe that when χ ≡ 1 and q → 1, Theorem 8 reduces to Theorem 5 and S p,χ (h, k : q) reduces to S p (h, k), which is given in (1.3).
where t is a real number. Integral representation of y p,χ (t, q) is given as follows.
Theorem 9.
We have
Proof. The proof is similar to that of Theorem 6:
We complete the proof. 2
Two-variable q-sums attached to Dirichlet character are defined by means of the generating function, y p,χ (t, x, q):
Observe that when x = 1, y p,χ (t, x, q) reduces to y p,χ (t, q).
Integral representation of y p,χ (t, x, q) is given by following:
Proof. Proof of this corollary runs parallel to that of Theorem 9 above, so we choose to omit the details involved. 2
Relation between L q (1, χ) and S p (h, k)
In this section, we give the relation between q-Bernoulli polynomial and q-higher order Dedekind sums. We also give * -product. By using * -product, we prove relation between Dedekind sums and q-L-function.
Here, we need the following results. In [13, 15] , Kim defined q-Bernoulli number β m (q) ∈ C p and q-Bernoulli polynomial β m (x, q) as follows:
Note that lim q→1 β m (q) = B m , where B m is the mth usual Bernoulli number. Bernoulli numbers and polynomials have studied by many authors (see [9, [13] [14] [15] 17, 19, 24, 25] ).
By using binom expansion in (5.2) and (1.4), we give new version of generalized Dedekind sums, which are defined in (1.1). 
Theorem 10. Let h, k be integers with
Applying binom expansion to the above and using (5.1), we find that
By substituting (5.4) into (1.4), after elementary calculations, we have
We arrive at the desired result. 2
By applying Theorem 4 and using (1.2) and (5.2), relation between S n,q (a, b : q l ) and Y p (h, k, q) can be found.
In [34] , Tsumura modified the definition of the q-Bernoulli numbers B k = B k (q) as
The usual convention about replacing B n by B n . We can see that B n (q) → B n when q → 1. Now we consider the following q-product * (see [19, 22, 34] ). For any integer n, k and any function f (q), we define
We can easily see that
q n − 1 n log q = 1 − q n log q .
Lemma 1. Let χ be a Dirichlet character of conductor f. We have
Proof. By using (5.5), we obtain Proof. Our proof is similar to Zhang's proof [37] . By using (5.5) and (5.6), for integer N 3, we obtain
In [37, 38] where φ is denoted Euler functions [37, 38] . The author [26, Eq. (4. 3)] defined the following relation:
e 2πiz 1 − e 2πiz = i cot πz + e −2πiz 1 − e −2πiz .
(5.11)
By using (5.9) and (5.11), Proof. We set
−i e
Substituting (5.6) into the above equation, we arrive at the desired result. 2 Remark 8. By applying Theorem 11 to Theorem 13, we can obtain the relation between the sum S q (h, k) and cot(x) function.
